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Abstract-The paper presents a numerical technique for a higher-order linear theory for isotropic
plates [see Blocki (1992). Int. J. SQlitls Structllres 29(7). 825-836J. whereby the natural frequencies
of free vibration ofa circular "moderately" thick disc of varying thickness profile may be determined
when the disc is subjected to the centrifugal loading. The in-plane stress level. arising from rotational
effects. is determined by means of a spline interpolation technique. The results of the analysis are
compared with the other numerical solutions for thin and moderately thick circular plates.

I. INTRODUCTION

It is well known that the classical thin plate theory neglects the transverse shear strain. So.
the solution based on this theory underestimates the deflection and overestimates the natural
frequencies. Nevertheless. the obtained results. for the plates of thickness to span ratios less
than 0.05 are acceptable for most engineering npplications. For thick plates. a theory which
considers the shear ctTI."Ct should be used. The aim of this paper is to present numerical
results of a new model of the higher-order linear theory for isotropic circular "moderately"
thick plates [sec B10cki (1992)1. The results of the amllysis arc compared with the other
numerical solutions for thin and moderately thick plates and the exnct values obtained by
using the frequency equation derived by Mindlin and Deresiewicz (1954).

2. FORMULATION OF THE PROBLEM

Let us suppose that the coordinate system (0. Xd with the origin 0 at the centre of
mass of the disc is motionless and inertial. For the region ofdisc B the local sct ofcoordinates
is associated O. The dependence bctwt..'en the local and global sets of coordinates is;

x = RO.

The local non-inertial set of coordinates for the disc is (0. r. "'. x I)' This set is rotating with
the disc with the angular velocity ,Iround the axis of revolution XI'

Having the sets of local coordinates we can define the regions B:

8=nx(-h.h).

where II is the thickness of the disc and n is the middle plane of the disc.

2.1. Model oj the disc
The discs arc made of the Hook material

T= CxE. (I)

where C is the tensor of elasticity and E is the Green deformation tensor.
The displacements of the plate at the coordinates (r. "'. x.> can be expressed in the

form [from Part [ of this paper. Blocki (1992») ;
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where

In matrix notation:
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where a = - (8x;;h~6)(1-0.51').
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2.2. Equations o(l1Iotio/l
In order to find an approximate solution of the free vibration of the disc the Hamilton

principle could be used:

f" f"c) (If-f)c1r= c)(1I')dt,
II (I

where J', i and .f arc clastic and kinetic energies:

(6)

If = 0.5 Lex (E ® E) d V,

J il" is the variation of external work

,;r = 0.51 {J,luidV,
/I

(7)

where b is the tensor of body forces.

2.2.1. The elastic energy. The Green deformation tensor for the thick disc in two­
dimensional theory can be written:
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for the Hook material we obtained the elastic energy

where

E vE
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when.:

r 1
o ' 1 '( ,I,)

t:i = I:. +X 1,1", + 3! II.. I = r, 'I' .

C;:l == ouo,!ur, c;~ = UUd.,/r C!/J +UO.,/r.

I:;~ :: iJuoj",/iJr +i)ud,!r iJ!/J-Ud",Jr,

::r"" = iJlfJd",/iJr+CqJ,j,!r NJ -lfJd",jr,

11, == ox.der. 11", = eXd.,!, at/! + Xd,lr.

11,.; = i'fXJ",/j),+Dld,/riJt/!-uJljr.

2.:U. Tlte kinetic energy. The kinetic energy can be written as:

where

(8)

(9)
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2.2.3. The external Il"(}rk. The variations of external work <51/. caused by the rotatory
motion can be written in the form

where

h

II

0

h' h'

12 4~O

All = O.5pD 2 h' h'

12 4~O

h' h 7

4~O 1612X

h' h 7

4XO 1612S

The dependence between qdl and qd can be found from eqn (3):

where

Q=

(1

01 --- (11
rcll/!

8
- h-26(I -0.51').

(10)
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qd == col (ug,. ug.;. ug" CPd,. CPd';).

qdl = col (ug,. ug.;. ug" CPd" CPd.;.ld" 'Xd.;).

~l

2.2.4. The stresses in the middle plane of the disc. The additional strain energy in
bending due to initial in-plane stress t,o. !I/IO caused by the static components of centrifugal
force is

where

fR r~n [ (CUd l )2 (CUd l )~J
Adc = 0.5 '0 Jo N, & +Ne ret/! r dr dcP. (II)

The stresses t,o. !,;o in radial and angular directions are calculated by means of a spline
interpolation technique (Irie et al.• 1979; Rzadkowski. 1990).

2.3. The functional of the problem
The functional of the problem can be written as:

( 12)

The parameters describing vibration of the disc u~" U~I/I' U~I' CPd" CPd'; were approx.imated
by

C K K

Id = L L cp/d,(r)(u,ksinkt/!+hjk coskt/!)sinpt= L A/d(asinkt/!+bcoskt/!)sinpt.
j-I k-I k-I

(13)

where cp/dj(r) are the eigenfunctions of the cantilever beam. For example:

C K

Udl = L L cpudij(r)(ajk sin kt/! +h)k cos kt/!) sin pt.
j- I k - I

fPudlj = [cosh cj(r-ro)/(R-ro) -cos cj(r-ro)/(R-ro)]

-~)[sinh cj(r-ro) -sin cj(r-ro)/(R-ro»), cosh Ck cos Ck + I = 0,

a.) = (cos c) +cosh cJ/(sin cj +sinh c).

CPud,j = sin x)(r-ro)/(R-ro),

fPud,;j = {(r-ro)/(R-ro). j = O. cos xj(r-ro)/(R-ro). j = I•... •k},

x) = (2j - I )Tt/2.

Substituting eqns (8)-(11) and (13) into (12) we obtain

3. NUMERICAL RESULTS

The presented theory is a higher-order plate theory by comparison with the Mindlin
theory. In order to compare the numerical results obtained by these two theories the natural
frequencies for the simplified theory. which is equivalent to the Mindlin plate theory. were
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Table I. Eigenvalues of a free-clamped annular umform "moderately"
thick plate v = 0.3. fJ = r,J R = 0.2. It" R = 0.1. p = 0.78 10' kg m -'.

E = 0.20710":-.1 m '. m = 0

Blocki theory ~.25X 5.4(,5 8'n 11.84
Simplified theory 2.254 5.427 8.87 11.777
Mindlin and Deresiewicz (1954) 2.254 541) S.828 I US2
Classical :!>~7h 5.6~J 970 1).656

Table 2. Comparison of non-dimensional natural freljuenci.:s. for a static "moder·
ately" thick plate. 1t,,:R = 0.1. r"R = 02. r = 0.3. h,h" = 0.5. Upper values are
those obtained from Ritz analysis. low.:r valu.:s those obtain.:d from Irie el Lll.

(\ 980b). :\1ode m = 0 p = 0'-78 10' kg m'. E = 0.027 10" :-.I m -', \' = 03

Linear 2.281 5034 8.022 Btocki
2.279 5.011 7.%3 Inc clal. (1980).

Exponential 2.243 4.938 7.885
2.241 4.91(, 7.S:!X

Linear It = It" (I -(I-Ir, IJ,,,))(r-r,,)'( R - r,,).
E.\pon.:ntiallr = 1r"(Ir,/Ir,,),··,,,I'R '"I

also calculated. For simplified theory the displaccments of the plate at the coordinates
(r,t/J,x,) can be expressed in the form:

The eigenvalues of free vibration of a free-clamped uniform "moderately" thick plate were
shown in Table I. Upper values are those obtained hy the author, middle values those
obtained from the simplified theory (eqn 14), lower exaet values were obtained by using
the frequem:y eljuation derived by Mindlin and Deresiewicl. (1954).

In Table I. the eigenvalues of the "moderately" thick plate were also compared with
the value obtained by the classical theory, in which neither the rotatory inertia nor the shear
deformation were taken into aecount (Irie el til., 1980a). In general, the eigenvalues of
Mindlin plate arc smaller than those ohtained hy the classical theory. The results of Mindlin
theory are smaller than those of Blocki theory. The last conclusion confirms the results
presented by Niordson (1979). The dillcrence between natural frequencies obtained by
Mindlin and B10cki theories decreases when the ratio hoi R decreases.

Table 2 shows the eigenvalues of a stationary "moderately" thick plate (hoi R = 0.1)
of varying thickness. Upper values are those ohtained from this analysis, lower values those
obtained from Irie e{ al. (1980b) for the Mindlin plate.

Tables 3 and 4 present the numerical results for thin plates.
Table 3 presents the non-dimensional natural freljuencies for a thin plate (hoi R = 0.0 I),

of variable profile, h = ho(1-{J(rlh)) for various values of If = rolR. The upper values arc
those obtained by the author, middle values those obtained from the tinite clement method
by Kennedy and Gorman (1977) and lower values those obtained from Soni and Amba­
Rao (1975) who applied a Chebyshev collocation method.

Table 4 shows the eigenvalues ofa rotating thin (hoi R = 0.02) uniform disc. The values
in the first column arc those obtained from this analysis, in the second those obtained from
Irie e{ al. (1979).

4. CO:-.lCLUSIONS

Numerical techniques have been developed which enable the natural frequencies of a
clamped circular disc to be evaluated for any thickness variation when the disc is subjected
to rotation. Convergence of the technique is examined for a varying number of numerical
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Table 3. Comparison of non-dimensional natural frequenc­
ies. for a static thin disc (h,,1 R = 0.0 I) of variable profile.
h = h" (I-p(r,b)) for various values of p upper values are
those obtained from Ritz analysis. middle values those
obtained from the finite dement method by Kennedy and
Gorman (1977) and lower values those obtained from Soni
and Amba-Rao (1975). Mode m = O. n = 0 and m = O.
n = I. p = 0.78 104 kg m - J. £ = 0.107 10 1: N m -:. v = 0.3.
R = 0.101 m. n = o. ;." = w. 11( 1- v:)pb4£II~. r,,/ R = 0.1

", = 0 m =0
fJ n=O n=1

0.7 4.0171 17.7651 Blocki
4.0317 17.7118 Kennedy and Gorman (1977)
3.9848 17.4941 Soni and Amba-Rao (1975)

0.5 3.978 10.0111
3.9871 10.0185
9.9565 19.8647

0.3 4.036X 11.1474
4.0501 11.1851
4.0109 11.0155

0.1 4.1501 14.1950
4.1670 14.15X5
4.lnl 14.03::!3

Tahle 4. Com paris,," of non-dimen­
sional natural fre4uencics. of a free­
damped rotating uniform thin disc.
values in the lirst column arc those
obtained from this analysis. in the
second those obtained from Irie ('I al.
(1979). III = t901.64. (n = 0.1). The
geometrical parameters of the disc arc:
r" .~ 0.0154 m. 1(, '" 0.127 m. "" =
O.O()154 111. " ,II". I' = 0.78 10' kg
111 '. I,' 0.207 III" N 111 ). V = 0.3.
n = 0.1 = 2( 1- v)/E(lI"/II)C(}'!.q)IIl!R,,,

""I RoJ '= U.01. r,,/ RoJ = {I = 0.2. ,(' =
(·""R.: ")/g/),,. /)" = £",,/12(1 - v!)

Author Irie ('III/. (197'.1)
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3.0U49
6.1013

2.'.194
6.lllO

results presented in the literature for thin and moderately thick plates. obtaining satisfactory
results.

The eigenvalues calculated by the Mindlin plate theory are smaller than those of Blocki
theory. That conclusion confirms the results presented by Niordson (1979).

In order to compare these theories the experimental test should be performed on a
thick circular plate or the eigenvalues of the free vibration ofa thick disc should be calculated
using the three-dimensional model of the plate.
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